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Abstract The negative root discriminant sequence (n.r.d.) lor a given polynumial with general symbolic coef-
ficients is a set ol explicit expressions in terms of the coeflicients that ave sufficient for determining the number of distinet
negative/positive roots and thus can be used to determine the number of raots in an interval of the given polynomial.

Some interesting properties telated to n.r.d. are studied.
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Given a polynomial with real coefficients,

-1
flx) = apx" + aa"' + o % a,,
we consider how to determine the number of roots in an interval (a,b) from the viewpoint of explicit

criterion . Theorelically speaking, we can let

ax2+b)
2+l )

glx) = (&2 + )" -f(

and find the number of all real roots of g (using the algorithm introduced in refs. [ 1, 2], which is
also partly described in sec. | of this paper), then, half the number is what we want. Bul such a
procedure is very inefficienl indeed for symbolic computation, so we employ the following method in

practice.

(i) Let fiu.w)s fi4.») and f{, ;) denote the numbers of roots of f(x) in (a, @), (b,®),
and (a,b), respectivly. Obviously f(., 1) = fiu.») = b, %) -

(ii) The problem of finding numbers f(, ) and f(, ) can be reduced (by a translation) to de-

termining the number of positive roots of a polynomial.

(iii) A more efficient algorithm, an explicit criterion, lo determine the number of positive/nega-

tive roots is described in section 2.

* Project supported by the Chinese National 973 Project ( G1998030602) , the 95 Key Project of Ffundamental Research of the

Chinese Academy of Scienves amd the National Natural Science Foundation of China (Grant No. 69675017) .
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The determination of the number of distinel vools in an interval can also be accomplished by us-

) ) . 13.4 Lo . - RIS
ing Sturm-Habicht sequence’ J, but here only lhe principal minor sequence of the diseriminalion

malrix (see sec. | for the definition) of the polynomial with @ change of variable is employed.
1 Discriminant sequence {for polyromials

Given a polysoinial with gmeral symbolic coefliciems,

the following (2n + 1) x {20 + 1) mateie i ieis of the vcoetlicients

r Wy @ > i, ]
0 ney (n-1)ea, "y
Ly a, €, (I”
0 nag, 20, 7w,
g @ «,
0 ny, e a,
L g a o &y

is called the discrimination matrix of f{x), and denoted by Disvr(./').

Let d, or d, () denote the determinant of the submatrix of Diser (). which is formed by the

[itst & rows and the first & columns, for k=1, ==+, 2n + 1. let D, = dy, tor k=1, ,n. We call

the n-tuple,
(D Dy D
the discriminant sequence of f(x).
We call list

[sign (B,), sign (By), . sign (B,) ]

the sign list of a given sequence B, B,, «*, B,, where
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Given a sign list [ s;,5;,"",5,], we construct a new list [ ¢,,2,, "+, ¢, ] which is called the re-

vised sign list according to the following law.

() I [s;y 8000 ,si”-] is a section of the given list, where

s; #0080 = = 5, =0, 5,;, %0,
then, we replace the subsection
[3,‘+1v""3i+,‘_|]

by the first j — 1 terms of [ =~ 5;, — $; 48,481, = S;5 = S;58;+8;,°°* ], i.e. let
= (= 1)[(r+1)/2] cs,r= 1,2, 0, 1.
(ii) Otherwise, let t; = 5;, i.e. no change in other terms.

Theorem 1 (refs. [1, 2])).  Given a polynomial f(x) with real coefficients ,

f(x) = agax™ + a2 + - + a,,

if the number of sign changes of the revised sign list of
{Dl(f)’Dz(f)\". 'Dn(j‘)£

is v, then the number of distinct pairs of conjugate imaginary roots of f( x) equals v. Furthermore , if

the number of non-vanishing members of the revised sign list is [, then the number of distinct real roots

of f(x) equals | -2v.
2 Negative root discriminant sequence for polynomials

Given a polynomial with real symbolic coefficients,
f(x) = apa" + a2 '+ 0+ a,,
denote the number of roots of f(x) in (a,b) by fi, 4, let
R(x) = f(x2), h(x) = f(- %),
and assume f(0) 0. Then we have

1= 1
f(o,w) = E’H-w,w)’ f(—w.u) = 7h<—w,w)-

Let {d,, dy, ***, d,,,,! be the principal minor sequence of Discr( f), the discrimination ma-

trix of f{(x), we call the 2n-tuple

idle’ d2d3’ Tt d2nd2n+l}
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the negative rool discriminant sequence of f(x), and denote it by n.r.d.(f).

Theorem 2. Let id,, dy, =+, da, .} be the prineipal minor sequence of Diser (f), the

discrimination matrix of the polynomial ,

n—1

flx) = agas" + ¢ X"+ 4 q,,

and let h(x) = (= x*). Assume ay0. Then, the discriminant sequence of h(x),
{D,Ch), Dy(h), =+, Dy (R,
isequal ton.r.d.(f),
tddy, dydys vy dyyda, s
ive. DyCh)=d,()d,.,(f). up to a factor of the same sign as ay. for k=1,2,,2n.

Proof. (i) If k is even, say, k=2j,(1gj<n), then,

\(— 1) "ay 0 (- D" e, 0 0
0 (- 1)"Znag 0 (= D"20n = Day = (= D200 =2 4 Day,
(= 1) 0 (- D" 'a, (= D" by,
n,(h) = (—' 1)"2na, 0 0
0
0 (= 1)y (- )"
0 0 (- D"2na, 0

dyx4y

={ = 1)}k x

(= 1", 0 (- D" (0 - Da, 0 e (=D =25+ D,
(= D), 0 (= D" ta, 0 (= D2l
0 (= 1) "nag 0 (=" "n = Day o 0
0 (= 1), 0 (= D" a 0
(= D'ay (- ])n-;dl
| 0 (- 1)"”“0 0

Now, in the last determinant, we move in order the 2nd, 4th, 6th, *--and (4 = 2)th columus to the

first (27 = 1) columns, and then, move in order the 3rd, 4th, 7th, 8th, -+, (45 - 5)th, (4 -4)h
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and(4j — 1)th rows to the first (2j —1) rows. We have

4 0
Di(h) = (- 1)+ (-1 -2+ qy-
0 B
where
S =Q-1)+(4-2)+(6-3)+ - +(4j-2-2j+1)+
B-1)+@-2)+(7T-3)+(8-4)+ - +@4j-1-2j+1)
=1+2+3+ - +(2j-1) (mod 2)

=j(mod2),
(- D'ay, (- D" Ya - 1a, o (= D) (0 = 2 + 2)ay,
(= 1)y, (- D"y (- D)"Y ay,

(= 1) nay

A =
(= Dy
(- )"ay - (- D" "o —j+ Da,_, (2 (-1
and
(= 1)"nay s (= D)"Y 22 4 1)a3_,-_,
(- 1), (- D" ¥ ay
B =
(— ]>"(l() e (— 1)"_Jaj 22
Now, if n is even, let — 1 time the 1st, 3rd, 5th, 7th,-*-columns of A, B respectively; otherwise,

if nis odd, let — 1 time the 2nd, 4th, 6th, 8th, -+ columns of A, B respectively. After that, let

~ 1 time the 1st, 2nd, Sth, 6th, 9th, 10th, - rows of A, B respectively. Then, we get
A=(-D¥" =4", B=(-1YB",ifn=0(mod?2),

A= (-D¥"4" = (=DA", B=(-1YB",ifn =1 (mod?2).

where
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nay (n=1a; =+ = (n=2j+2)ay
aq a a5, 2
nag
A* = L)
Qg
nag (n—j+ ])a;—l (2j-1)x(25-1)
na, - - (n-2j+ l)agj_,
ag e ay_
B* =
@p a %2
So, whatever n is, we have
D(h) = (=1)? - (=1)"-2"+ 4y~ A-B

!
—
|
_
S’
Z
—
[
—_
S
<
)
2
2
o
N
o~}
«

Noting

we obtain

Remembering k = 2j, we have
Dk(h) = dl.(f) * dk+1(f)’
up to a factor of the same sign as a,.

(ii) Similarly, we can prove the case where k is odd.

Theorem 3. Let {d,, d,, =, dy,. | be the principal minor sequence of Discr(f), the
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discrimination mairix of the polynomial ,

Sx) = agx” + ax" '+ -+ a,,

and let h (x) = f(x?). Assume ag50. Ten, for each term of the discriminant sequence of h(x),

{Dy(R), Dy(h), -y Dy (R,
we have
N [4] i
DA<h) = (— ]) 2 (l'k(f)d/‘)r](f),
up to a factor of the same sign as a,.

Proof. Refer 1o the same discussion in Theorem 2 or see footnote 1) for details.

Theorem 4. Let {d;, dy, ***, da, ! be the principal minor sequence of Discr(f), the dis-
crimination matrix of polynomial f(x) with ay#0, a,0. Denote the number of sign changes and

the number of non-vanishing members of the revised sign list of sequence ,
{ dydy, dydy, 0y dayday g L

by pand 21, respectively , then, the number of distinct negative roots of f(x) equals | - p.
Proof. 1t is the direcl corollary of Theorems 1 and 2.
3 Some properties related to n.r.d.
Let
F(x) = apx" + a2+ 0+ q,(ay % 0),

g(x) = byx" + byx" "+ - 4 b,

and
Ffay a; a a, 1
by by by "
ay ay a *'T°oa,
A - bO bl b2 n
ay a az " an
L by by by - b,

2nx 2n

1) Yang, L., Xia, B. C., Explicit criterion to determine the number of positive roots of a polynomial, MM Research

Preprints, 1997, 15: 134.
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he the Sylvester matrix of f(x) and g(x). Let

sturm (f, g) = [ry(x) = f(x).r(x) = g(x),rz(x).“']

he the standard Sturm sequence (ref. [5]) of f(x) and g(x), where

reala) == () = qCa)r (), deg(r,, (x)) < deg(r,(x)), k = 1,2,
let

s =0, 5 = deg(r,(x)) = deg(r,,(x)), i = 0,1,
/Al‘
g1 =0, ¢ = sivJ = 051,00,
1= -1
1 A*I\
(?,\ = ?ZJ(SP

=

- l)sp. 7_—, =1, 7, = lcoeff(r,-(x)), t = 0,1,
= -1

’

and A, be the submatrix of A formed by the first 2k rows and the first n + k columns, A(k,[) the

submatrix of A formed by the first % 1ows,first k — 1 columns and the (& + [)th column.
Theorem 5.

(D) Ifm o 250 s then 14(2m . 0)1 = 05

(ii) Ifm = L:f;:)si, then
AQ2m,0) 1= (- 1)% - Crogry Yo o (i) Crp_yrg )%,
- — —TA._ . {’: o) n—m—1
rny) = TACm.0) | ﬁIA(Hm.t)Ix .
Proof. Seerels. [1, 2].

Now, letting H,=1 and H, H,,*+, H, be the even order principal minor sequence of A, we
have

Corollary 1.

-1

() Ifm = q; = Sy forj=1,.k, then H, =0. That is to say. in list | Hy, Hy,**s
=0
H, |, every member between H, and H is 0.

1
-1

(i) Ifm = q, = Zsijbra(‘erttzinj (l<j< k), then,

=0

H, = (- 1)% - (rory)'e » (rﬂ‘g)'\l"'(rk—lr/‘)"xf\

let 6, = H, be the ith non-vanishing member in list {H , =, H,|, then
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o; -
(;H = (= l)“"l)“'v/z(r,-r. D5

i+
i

Proposition 1.

(i) Inlist {Hy,H -, H, |, if H;=0 and H,_,* H.,,#0 for some i, 1<isn -1, then

then H,_»* H,,,>0.

(it) Let by hyy**, hay,_ 1+ hy, be the principal minor sequence of A, hence H, = h,, fori =1,
2,'”;71. [f‘h:’.m = hzm+2=0. Then h’2m+] =0f()r lsmsn "l.

Proof .

(i) Suppose H; _, is the jth non-vanishing member in list { H,,*-, H,{, then, i — | = gj» U+

I = g;,,. Therefore,
S = i1 — g = 2.

From Coroltary 1 (ii), we know that

H;, N —
Hll = (- l)(a/;l)./h(r]rhl).\/ - - (rer_H)Z < 0.
Similarly, we know that if
H_,=H =H, =0, H_,* H,, #0,

then HI—Z. Hi+2 >0.

(ii) Suppose ¢,_; < m < m + 1< q,. Do the same transformations to h,,, , ; as what we did to

A,, in the proof of Theorem 5, keeping the last row unchanged. We have
T
m = qi-2
Th-t
hopar = 0O -~ 0 r
m— g+ 1
0 0 Ty
agy 3} [¢5)
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Ti-1
m — g,
r
. h-l
- 0 0 T M
o - 0 m—q,  + 1
0 e 0 (l,“ (l’l cas “os
e r o
b
where n,=s,_, - (m - ¢, _,). Now, because h,, ,,=0, s, _, - ((m+1)-4¢q,_,) >0, and

therefore,n, = s, ;- (m - ¢,_,) > 1. Then, h,,,, =0 is obvious.
Let us now consider the discrimination matrix, Diser(f), of a polynomial f(x),
f(x) = apx” + ayx" '+ + a,(ag = 0).

Tt is easy to see (let g(x) = f'(x)) that Theorem 5 and Proposition 1 both hold for Discr(f) . Fur-

thermore, we have
Proposition 2.

(l) In list gdl’d.l’”.‘dZH‘*'lf’ ij‘d2f+] =0 alld(Zz[_l.d:,‘+3#30‘fbr.\'()nlt’i, 1 Sisn—l.
[h(’n d:/—l'd2i+3<0-

(i) Ifdy, ., =dy, .1 =0, thend,, =0 for l<cmsn.

2

Theorem 6" . Let g(x) = af ' (x) and A be the Sylvester matrix of f(x) and g(x), also let
Hy=1 and H,, H,,"'-, H, be the even order principal minor of A. lf the number of sign changes of
the revised sign list of {Hy, H, =+, H,| isvand H#0, H,=0 (m > 1), then

=20 = f(o,oc) - f(-ec,o)~

where fo «y meuns the number of distinct positive roots of f(x) and [\ _ . oy the number of distinct

negative roots of f(x).

Theorem 7.  [If the number of sign changes of the revised sign list of

{dl 7(13’“. ’ d2n+l¥

is v and the number of non-vanishing members of that list sl + 1, i.e. dy;, %0, ds,, ., =0 (m >
1), then

I-20 = fi_am = flo.=)

Proof.  First of all, if ¢,,¢,,*,t, is a sequence of non-vanishing real numbers, then its

number of sign changes equals
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n—1
1 .
\L_: E(l — sign(tt;,1)).

Let [ey, €,5°"*, €,] be the revised sign list of { Hy, H,,-**, H,|. Suppose its number of sign
changes is v, and ¢, 20, ¢, =0 (m > [,), then by Theorem 6, we get

L =20 = flo.0) = fiow0)-
Let [e'y, €'y, ,€', ] be the revised sign list of {d,, dy, ***, d,,, ], we need to prove

I - 2v :—(11—27)])-

Supposing I, = ¢, ., we have

4= [

RS . Y.
I, =20, =1, - 221 a—(l - sign(e;e;,,)) = ngn(eieiﬂ)
=0 t=0

s =2

Al . .
ZJ Slgn(€11,+]'€q‘+]+l) + Slgn(€q’+s’—l€q”|))

7=0. 5> 1

2 « sign(o?) + (= 1)t5"Ds2

. sign(o; a,-+1))

ST (2 D (= DS sign((rry) - "?))

A:l,( \,,i ( l)'(l':|)+([+|)o((+2)

(=0 V=00 51
l\—l‘ ]
= 7((— Do) + sign((r,-r,-+1)"r))
=0
&N S
= Z.t sign (rir;, ).
i=0. s odd

By relations,

we know [ = ¢, and

e'qy = (-1)% g, 0< i< k
So similarly,
k-1 5,-2
L-20 = 25| 25 sign(el gy.jn) + sign(e, ., i€ )
-2v = sign(e’y , g, j1) + sign(ely i€
120 N =0, s> 1

For every i (Oi<k -1), if both g, and s, are odd, then ¢;,, = g; + s, is even, so

1) Chen, M., Generalization of Discrimination System for Polynomials and Its Applications (in Chinese), Ph. D dissertation,

Sichuan Union University, 1998.
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Lo sign(e'qlﬂ- E,q‘+j+l) + Sign(e’(]‘+.\“A|E,ll )

i+l

at

:%((— D= 1) = sign(Crr, )

== Sign( r:r1+l)'

If g, is odd and s, is even, then ¢,,, = ¢q; + s; is odd, so

\Ll sign(e'qﬂ- e'qyﬂ-ﬂ) + S'lgll(E"]‘+_\.‘7]E’ )

[
U]

a

1=00 4 >
:%((— 1 =)+ sign((rryy))

=0.

The other two cases, in which ¢; is even and s, is odd or both ¢,, and s; are even can also be dis-
cussed as the same. Finally we get
h-1
-2y =~ Z sign(rir;, )

r= 0 < odd

- (1, - 2v)).

Theorem 8.  Let {d,, dy, **, ds,. da,,,| be the principal minor sequence of Discr(f),
the discrimination matrix of a polynomial f( x ),
I

F(x) = apx" + ¢y + o+ aq,(ay £ 0, a, £0).

And let I}, vys Ly, va3 L, v be the numbers of non-vanishing members and sign changes of the revised
sign lists of

{day dys =y doyls
{dyy dyy oy dayor !l s
and
{dydyy dody, =y dayda,,,|

respectively . Then I =1+ L, -1, v=v, + 1v,.

Proof. By Theorem 4, we know the number of distincl negative real roots of f(x) equals 1/2
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— v. On the other hand, by Theorems I and 7, we know this number also equals (I, + [, —1)/2 -
(o, +v,). So, if I=1,+1,-1, then v = v, + v,. By Propositions 1 (ii) and 2 (ii), we have
124, - (21, = 1)1 =1. Obviously, [ must be even, so [ =21,, and 21, < (21, = 1) therefore,

20, -1 -21, = t,i.e. I, = I, + 1.
Finally, we get [ =21, =1, +[,-1.
4 Examples

Problem 1.  Find the number of positive roots of x'' =3x8 +2x* = 5x + 6.

This is equivalent to {ind the number of the negative roots of
oM 3a® 4 247 - 5% - 6.
The sign hst of its n.r.d. is
[1,0,0,0,0,1,1,0,0,1,1, -1, =1, - 1,1, = 1,1, -1, -1, -1, -1, - 1],
and the revised sign list is
(1, =1, = 1,0,0,01,01, =1, = 1,0,1, =1, =1, = 0,0, - 1,1, -1, -1, -1, -1, - 1],

where the number of sign changes and the number of non-vanishing terms are 9 and 22, respectively.
So, by Theorem 4, f(x) has 2 distinct negative roots, hence the original polynomial has 2 distinct pos-

itive roots. No repeated roots exist in this case because D, (f) = dsn 0.
Problem 2. Find the condition on a,b,c such that
(Yx >0x +ax?+ by + ¢ >0.
This is equivalent to find the sufficient and necessary condition such that polynomial
flx) = x" —av® + bx - ¢

has no negative root(s). Using Theorems 1,4 and 8, by a thorough and detailed analysis on the sign
list of the n.r.d. of f(x), we conclude that

(Vx>0x +ax”+bv +¢ >0
il and only if one of the following 6 cases applies
(1) C>0/\ dl()>0/\((1‘20\/ ngO),
(2) C>O/\ d")so/\ (l/,>,0/\ dg(o/\ d8<0’

(3) ¢c>0ANd;y=0ANdg=0Aaz=0,
(4) c=0Ab>0Ad3>0,
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(5) e =0Ab>0Nd'3<0ANa >0,
(6) c=0ANb=0Aaz=0,

where
3
dg = - 27a* - 300abe + 16007,
2 il 2
dy == 27a*b +225¢%a” — 720cab’® + 256b%,
il ki
dyy =~ 27b0%a* + 108¢°c ~ 1600ach® + 22504 be* + 256b° + 3125¢%,
3
d'y =~ 27a* + 256b°.
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